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" SUMMARY

A comparison of four ratio estimators based on interpenetrating subsamples and
- with or without jackknifing is done both theoretically and empirically with respect
to bias, variance and mean square error.
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Introduction

The method of interpenetrating subsamples (IPS) in large scale sampl-
ing'as introduced in Mahalanobis [4], [5], is to draw a sample in the form
of two or more subsamples under the same probability sampling design so
that each sub-sample provides a valid estimate of the parameter of
interest. The purpose of IPS is to assess both sampling and nonsampling
errors in the estimation of the parameter of interest. The United Nations .
Subcommission on statistical sampling [11] has recommended the use of '

_ IPS with a suggestion of an alternative name ‘‘Replicated Sampling.” The

method. of ratio estimation is common in large scale sample surveys in
estimating various ratios and the ratio estimator is biased. The Quenouille-
Tukey jackknife (see Miller [7]) gives nonparametric estimators of bias
and variance, _
Consider a population of ¥ units with y as the variable of interest and
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x as an auxiliary variable. Denote the population totals of the variables x
and y over N population units by X and Y. The population ratio R =
(Y/X) is an unknown parameter of interest. We shall draw inference on
R on the basis of k interpenetrating subsamples of size m each, (xis, yis)
i=1,...,m,j=1,..., k. Consider four interpenetrating estimators
of R for any probability sampling design, two of which are jackknife
interpenetrating subsample estimators (JIPS) and the other two are just
interpenetrating subsample (IPS) estimators. Compare these four esti-
mators theoretically and also empirically with respect to bias, variance
and mean square error (MSE). This comparison is done in Sections 3 and
4 when the samphng design is simple random sample with replacement.
Let ¥; and X, be unbiased estimators of ¥ and X from the Jth mtcr-

penetrating subsample (j=1,..., k). Denote ¥ = ( > Y,/k) and

~ k.
X= ( ¥y X j/k). Two IPS estimators of R are given by

j=1
¥ 1o ¥ ' -
Ry =—and Ry = T z el 1)
X j=1 &
- ~ A~ ~ k -~ V/ .
Denote ¥y =| £ Pitk—1) ) Za=[ = it 1)],
J=1,j#u . ‘ o Ui=1,j#a

Rywy = (Yiwy/Xw) and Ry = ( P . Rl(,,)/k). The first JIPS estimator is
u= . N
then ‘
R, = kR, — (k— 1) Ryy. 2

Let Y;w) and X, () be unbiased estimators of ¥ and X from the ]th inter-
penetrating subsample ellmmatmg the vth umt Denote 7; = ¥, j/X I

k

- ' -~ A 1\ ~ . l LT

riey = Yyl Xyeor, ity = —= z Tio)s Rowy = Z T and’
v=1 j=
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‘No_te that for k = 2, R, = Ry, and ilcnbe from (2),

"R = (R, + R2. - )

. - ’ - A A .
"For k = 2, from theoretical comparison, R, and R; are equally good

“over ﬁz and §4. For k > 2, both theoretical and empirical comparisons

suggest the superiority of R;.

" The purpose of this study is to investigate whether jackknifing has any
posmvc impact on ratio estimation based on mterpenetratmg subsamples,
ln terms of reducmg bias and mean square error.

-2. Bias, Variance and MSE

Denote the bias éf R; to the second degree approximation by B; (i = 1,

-2, 3, 4), the variance of ﬁ,- to the second'degree approximation by V; and

k A
Bgl) = 716- z {R Var (X)) - Cov (X(u), Y} - )
: u=1 ' . <
BY = R Var (X) — Cov (X, ¥),

m

|

. A - >
BN = p z Z {R Var (A’j(y).) — Cov (Xi, Yot
BP = % {R Var (X;) — Cov X), Y}

j=1 '

- It can be seen in Murthy [8] that

BY
a

The estimators of By, i = 1, 2, 3, 4, are as follows

and By = kB, :  (_6)

‘B1 =

A 1 A A
B1‘= k—1 (R: — Ry), o 7 . _ (7)
A A
B2=kB1,

A A
B; = (k — 1) (Ryy — Ry),

R A FaN
By= (m —1) Ry — Ry).

B o, R Y | S S A e
Take the expectations of B; and B, assuming Ry, and Ri, i =1, 2, as
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estimators of R.

B§2’], , ®)

. A k
E(Bs) =
E(B4) — sz \ [B(l) — B). L
Assume

- Cov (X,, X,,) = Cov (Yj, Yj,) = Cov (X,, Y;,) =0forj#j. (9

The assumption (9) means that the estimators based on two different sub-
samples are uncorrelated.

LemMa 1. Under (9),
N \ . _
Proof. The probf is clear by observing

k(e — 1) B{) = I2B® = BY. | | ~a1)
\
Note that 33 may Or may not be equal to 31 It can however be checked
that, for k = 2, Ba—B1—§B2 Co
The estimators of ¥; and ¥V, are -

A k—1 N A - oo .
Ve= —7 (Ryw — Rie) T
u=I o
R { k m
m — :
. YV4. = mkz z (rj(v) —-.. I','(.))a.
j=1v=1

,The mean square error in estlmatlng R by R, is. denoted by MSE, We
“know © - .

MSE, = Vi -+ B, i=1,2,3,4. T (13)

Consider MSE; here to the second degree approximation. It can be seén
in Murthy [8] that : .

MSE, = MSE, = —%-

z {Var (7)) — 2R Cov (¥}, X))
j=

1
Fod .
+ R* Var (Xj)} L (14
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The estimators of MSE:, denoted by MSEs, i = 1, 2, 3, 4, can be com-
pared under any probability sampling design. Consider, however the
simple random samplmg with replacement as the samplmg des1gn in
subsequent sections.

5

3. Simple Random Sampling

. .Consider the problem of comparison of R, when the samphng design is

s1mple random samplmg thh replacement. We have X } = N ( P X,;/m)

. m ’ - m .
Y;=N( E yislm ) X =N( 5 xyl(m — 1))and
i=1 i=1, iy

“ Y m :
Yjpw=N ( z HYim — 1)). It can be checked that
i=1, iy

m
z J(v)—mXJ, z Yi) = th _ ‘ (15)
=l v=1 .

'-"l

m(k— 1) X(u)—z z Xi(v), - .

]s:-l v._.
J#u

(k=1 Y(u)——.z Z o

j=1lv=
j#u

3.1. Comparison of E(Ba) and E(B4) to the Second Order Approximation
Denote

'-;\g_i,;_ P 3
R Cov (Xj, Xioy) — Cov (Xjo» Vi)l . (16)

e
M=
iﬁMs
nME.

X m(m — 1) E(B,) = xe — E(B4) + c “an

Proof It can be seen from (5) and (15) that

md B‘gz) ='m B(l) -+ C. . B (18)
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It is now easy to check from (6), (8) and (18) that (17) is true. This com- "
pletes.the proof. :
Now consider the intra-class model

Var (X,j) = o2,.Var (¥y)) = of, ‘ (19)
'Cov (X, Yis) = PaitaSy, CoV (Xig, Xi's) = paols |
. Cov (Y, Y¢y) = pwy~g, Cov Xy, Yi’;t) = p,y0aCy. N
Denote. _ B .
Cy = Ro2pas — 02040, - Qo)
C, = (ng — PayTz0y) - C. ’
- THEOREM 2. Under (9) and (19);-

 kEB) = E(B,) + i;; C, . L.
Proof. We get from (8) and (16) |
(m— 1) C = N*km(m — 2) C, + N’k m(m — l)2 G, - (22)
mX* E(B.,) = NG, ' '
mX% E(B;) = N” [C, + mCl]
This completes the proof.

- COROLLARY 1. If pas = p,,,y =0 (i.e., C1>— 0), then under (9) and (19),
we have

L kE(B,,) = E(B). ' » - (23)
" 3.2, Comparison of 'E[ﬁa] and E[I74] to the First Order Approximntion' .

First a proposition is stated which-is very useful in subsequent calcu-
“lations, :

" PROPOSITION. Letty, ..., tx bek nandom variables with E(tg),' Var(t;)
and Cov(ts, 1y), i F J, bemg constants independent of i and j which are equal
to E(t), Var(t) and Cow(t, t"). Then

g -fr-‘-" — Bt | = (6 = 1) [Varts) — Cov(s, ) 24)
‘where 7= (t, + .. + t)lk. It follows from (24) that 5
E[f;sl = ﬁck—l)—‘ [Val'(Ruu)) — COV(RL(u): -Rl(u’))] - . (25)

.A‘ -— ] ‘ Y \ ‘
E[Vy = (rm = 1) |_Var ):’(”) — Cov ,}:i(v) - T
ik L » X"(v) X](o) ’ Xl(q;l)
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where E[f}s] and E[I74] -are constants independent of (v, u') and (v, v').
We find to the first order of approximation

~ =~ 1 ~ A‘I . ~ A
COV(-RI(U)’ Rl(u/)) = 'A_,z_ [COV(Y(W), Y(t’l')) — R COV_(X(u), Y(u'))

— R Cov( ?(u),' }?(u',) + R? COV(A’;(,,), X’(u: »].
(26)

Conside1ing the model (19) with pzz = pyy = fh, =0 and denotmg 63 ="
62 — 2R psy 0z 0y + R* 02, we get to the first order approximation

, Var(ﬁﬂu)) = _(%? Nex))
Cov(Ryuy, Ryqun) = (Z — %;ZN,: ;/22 .
Var(rj) = %
’ CO\.’(fj(u), ’J(o/))_= %

The following result is now easy to verify.

THEOREM 3. Under (19) with pes = pyy = Py, = 0, the sampiing design
being simple random sampling with replacement, and to the first order of
~ approximation, we have :

E(I;a) = E(f;‘;) =V, ="V _ ) (28)

3.3. Conclusion

For k = 2, both R, and Rs are equally good over Rz and R¢ Fork > 2,
R1 and R3 are | better than R2 and R4 with respect to bias but Ra Is not as
good as Rl, R, and R4 with respect to first order approximation of
variance. -

- 4, Empirical Study (to the Second Order Approximation)

The population consists of the countries in S states in Mexico, namely
Chiapas, Chihauhua, Gucrrero, Puebla and Veracruz Consrder three
different studies on the same populatlon B

I: Y = Total number of inhabitants -
X = Total number of households -
II : ¥ =_Total number of literates:
X = Total number of illiterates
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i: Y= To-tal number of persons in primary activities
X = Total number of economically active people

The data are obtained from the 1960 population general census in Mex1co
The five states considered are very similar with respect to R = (¥Y/X) in
Studies I, II and III. Note that in III the data in 2 counties are unavail-
able. Now draw 1000 times five subsamples of size 30 each by simple
random sampling w1th replacement In the following table we present
the average values of R\, B‘, V‘, MSE‘ for three studies.

In studies I, IT and III, we ﬁnd the average estimated bias in R4 is about !
5, 4 aud 3 times than that in R It is clear that, with respect to bias, R1
and R3 are better than R2 and R4 In comparison with respect to varlance,
R, is superlor to Rl, R3 and R1 In studies I and I1I, Rl and Rz have
smaller MSE. In study 11, R has the largest MSE. Inall studies R1 has
the smallest | B [ /(V)l/’

TABLE A.l--THE VALUES OF N AND R

I i 1
N 672 672 670
R 539 1.13 0.67 ~

TABLE A. 2*——AVERAGE ESTIMATED RATIO, BIAS, VARIANCE -
AND MSE IN STUDY 1

A ~ ~ A

Average ' Ry " Rg Ry " Ry
R 53914 53954 53905 53905
(R — Ry 63.562  .78.967 68.321 73.849
B 9.809 49.046 9.136 - - 48.948
7. 90.726 82.200 94.744 ° 1]1.590
 MSE 91081 - 91.081 95194  113.384
A A ) - ‘
| Bl vV 460 3377 535 1136 -
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TABLE A.3*—AVERAGE ESTIMATED RATIO, BIAS, VARIANCE
AND MSE IN STUDY 1I

: A A A A
Average R Rqy Ry’ Ry
R 11276 11076 11;34 11318
. (1’% — R)? 408.07 356.02 429.67 | 436.65
B —50.35 —251.75  —57.30  —242.90 .
% 401.02 375.26 432.59 377.50°
MSE 402.10 402.10 434.07 389.82
| B l‘/w? 347 " 1846 379 1150

TABLE A.4*—AVERAGE ESTIMATED RATIO, BIAS, VARIANCE
AND MSE IN STUDY III

N N A Ay
Average Ry Ra Ry Ry
R 6752 7015 6668 ' 6757 |
(fz - R? 41.200 37.867 47.889 46.944
B 65.710 328.550 84.867  258.730
% 40.464 22220  52.783 33.782
MSE 41.224 41.224 '54.350 44.330 ..
! B ! /\/f/ 977 5281 1051 4188

*The entries in Tables A2 - A4 are multiplied by 104.
5. Miscellaneous

In this section we present an additional JIPS estimator of R and
observe that it is in fact identical to an IPS estimator of R, or in other
words, the proposed jack knifing does not have any effect on this IPS
estimator.

Letry,...,rebek estimators of R on the basis of k interpenetrating
subsamples of size m each and under the same probability sampling
design Then r = (1, + LT 4 re)lk is an IPS estimator of R. Denote .
r(u)‘_‘(rl . +ru—1+ru+1+ + rk)/(k_l)i w=1, , k i 4
and r, = (ru) o+ )ik Then Ry = kr — (k — 1) . i another
JIPS estimator of R, dlﬁ'erent from Ra and R,. Clearly, r( y=r= Rs, .
or, in other words, the IPS estimator is identical with the JIPS-estimator
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R5 Now present an observation on unbiased estimator of Var(r). It is
clear that :

Var(Rﬁ) - z (r(ﬂ) - r('))= = k(k — 1) z ("u - r).
= VA 29)
Denote

k- k

Z  Z Cov(Fy, ru)

u=l;ﬁu’='l
e — uFu . : 4
Cov = HE=TD (30)

= the average of k(X — 1) covariances,
Cov(ry, re'), uZ ', u,u arein {1, ..., k}.

Under the assumption E(r,) = . .. = E(rz), it follows that
ElVar(n)] = Var(r) — Cov. _ (31)

If Cov = 0, tl}\en__V'ajr(F) is an unbiased estimator of Var_(?). If Cov > 0
(< 0), then Var(r) underestimates (overestimates) Var(r),
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